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In this paper, multilayered sandwich beam structures are considered. Within the scope of static analyses and stiﬀness
design of such type of lightweight and functional structures, size eﬀects of the basic cell are studied both theoretically and
numerically in a systematic way for the ﬁrst time. The direct FE discretization method, the homogenization method and
the classical beam theory are examined systematically to reveal, on one hand, the existence of the size eﬀect, and on the
other hand, the ability of each method in capturing the size eﬀect upon the static stress distribution and structural deﬂec-
tion. Particularly, limitations of the homogenization method are clariﬁed although the latter is widely applied today in the
equivalent modeling and topology design of cellular materials of sandwich structures. By means of the above methods,
bending problems of multilayered beams and cellular core sandwiches are solved to illustrate variations of the deﬂection,
stress as well as the computing accuracies in terms of the size of the basic cell. It is shown that the size eﬀect is important
when the basic cell has a considerable dimension relative to the structural size and that this eﬀect decreases rapidly with the
size reduction of the basic cell. Theoretically, the homogenized result corresponds to the limit solution when the size of the
basic cell tends to be inﬁnitely small.
 2007 Elsevier Ltd. All rights reserved.
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To face the challenge of more and more complicated loading conditions, designs of lighter, safer and eﬃ-
cient structures with multi-functionality have been motivating researchers since a long time. Lightweight mul-
tilayered structures and sandwiches also called laminate panels belong to one such kind of advanced structures
developed up to now. Geometrically, these structures can be considered as a result of periodic repetitions of a
basic cell in one, two or three dimensions. A sandwich beam is an example of one dimensional repetitive struc-
ture along the longitudinal direction. In fact, beams and plates with repeating layers of speciﬁc materials can
be treated as multilayered structures in a uniﬁed way. As shown in Fig. 1, a variety of sandwich structures with0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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Fig. 1. Sandwich structures of diﬀerent basic cell conﬁgurations.
G.M. Dai, W.H. Zhang / International Journal of Solids and Structures 45 (2008) 2512–2533 2513diﬀerent cell conﬁgurations and arrangements are illustrated (see Romanoﬀ and Varsta, 2006; Hayes et al.,
2004).
Actually, extensive applications of multilayered structures are found in aerospace industries as optical, bio-
logical, microelectronic, heat-resisting and thermo-mechanical components due to their high stiﬀness, superior
strength/toughness, heat insulation, lightweight properties, etc. To explore these functionalities and advanta-
ges, it is essential to have a deep understanding about the geometrical and material factors that inﬂuence the
mechanical behaviors of the structure. The state of the art of existing works may be brieﬂy summarized below.
Noor et al. (1996) gave a comprehensive review of diﬀerent computational models on sandwich panels and
shells. Applications were involved in problems of heat transfer, thermal and stresses, free vibration and damp-
ing, transient dynamic responses, design optimization, etc. Khdeir and Reddy (1997) investigated the static
deﬂection of laminated composite beams for which the classical, ﬁrst-order, second-order and third-order
beam theories have been used in the analysis. It is shown that the Euler–Bernoulli classical beam theory agrees
well with high-order theories for thin beams with large length-to-height ratio. But large diﬀerences exist
between the classical beam theory and high-order theories for short or thick layered beams when the
length-to-height ratio is large with important eﬀect of shear deformation. The disagreement between high-
order theories is much less than the disagreement between any of them and the Euler–Bernoulli theory. Burton
and Noor (1997) investigated numerically the accuracy of three continuum models of the honeycomb core, i.e.,
lower bound energy approach, upper bound energy approach and design-data test based approach when the
honeycomb core is substituted with an eﬀective continuum in the dynamic analysis of sandwich panel. The free
vibration responses predicted by the detailed FE model were used as the standard of comparison. Due to the
expensive computing cost of detailed ﬁnite element modeling, the cellular core was generally modeled by an
equivalent continuum of eﬀective properties. Therefore, to ensure the computing accuracy, it is important
to make evidence necessary conditions to be satisﬁed for one such homogenization equivalence. In fact, the
homogenization method reported by Bensoussan et al. (1978), Sanchez-Palencia (1980), and Bakhvalov and
Panasenko (1989) is a speciﬁc two-scale approach used to predict the equivalent properties of composite mate-
rials. It is theoretically formulated as an asymptotic expansion of small parameter under the assumption of
periodic distribution of the basic cell. Hassani and Hinton (1998) gave a review of the homogenization theory
and its applications in topology optimization of structures and cellular materials.
Meraghni et al. (1999) only evaluated the eﬀective out-of-plane elastic constants of hexagonal honeycomb
core by means of direct FE analysis, analytical laminate theory and experimental tests. The in-plane bending
stiﬀness is however not taken into account. As the conﬁguration remains unchanged along the thickness direc-
tion of the honeycomb core and can be considered to have an inﬁnite periodicity in this direction, the eﬀective
out-of-plane elastic constants evaluated by the analytical laminate theory are found to be free from the hon-
eycomb thickness and agree exactly with those obtained by the homogenization method. Recently, Hsueh
et al. (2006) studied the biaxial strength of thin multilayered disks. An analytical model of general closed-form
solutions is developed for the elastic stress distributions subjected to biaxial ﬂexure tests. The model is veriﬁed
by the FE analysis of trilayered disks subjected to ring-on-ring tests.
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transformer as a dimensionless parameter to measure the structural eﬃciency in terms of geometric quantities
of a beam cross-section regardless of size. With the combination of the material indices, this approach pro-
vides a practical way to develop selection charts for integrated shape and material optimum design of
cross-sections. Inspired from the composition of natural or biological materials that have a complex hierar-
chical cell arrangement of diﬀerent sizes, Burgueno et al. (2005) studied the designs of hierarchical cellular
sandwich beams and plates with high structural eﬃciency. Based on experimental tests of cellular plates with
diﬀerent densities of porosity and diﬀerent hole arrangements over the cross-section, the measured results of
eﬀective elastic constant related to the bending stiﬀness showed a good agreement with the shape factors and
material indices. Kolpakov (2001) dealt with the discrete and continuous distribution designs of material prop-
erties in each layer of laminated plates. The design model is formulated as a convex combination problem
(CCP) to match the stiﬀness given a priori. Alternatively, Wang and McDowell (2003) and Hayes et al.
(2004) studied extruded metal honeycombs, i.e., the so-called linear cellular alloys (LCA). The ﬁrst work
was focused on the maximization design of elastic torsion and bending rigidities of the circular sandwich
bar structure in terms of the triangular subcell geometry of the sandwich core while the second work was
to understand the heat transfer and mechanical behaviors of the LCA. Besides, it is also important to refer
to certain works on FGM materials (e.g., Abrate, 2006) that belong to also a sort of multilayered structures
with the same concerns.
Behind the calculations and measurements of mechanical properties of sandwich panels, the eﬀect of the
specimen size relative to the cell size, i.e., the size eﬀect was addressed by Onck et al. (2001) for the in-plane
elastic constants of hexagonal honeycombs. Based on the ﬁnite element modeling and experimental tests, the
size eﬀect was found to be important when the macroscopic dimensions of the specimen become of the order of
the microstructural length scale of the material. This eﬀect arising from both a change in the constraint of the
cell walls at the boundary of a specimen and stress-free cut cell edges at the surface of a specimen results in an
increase of the in-plane elastic constants with an increasing ratio of the specimen size to the cell size, up to a
plateau level in the limit case. Tantikom et al. (2005) obtained the same conclusion for the size eﬀect from the
compression test of tubular core.
Despite the popularity of homogenization method applied in topology design optimization (Neves et al.,
2002; Fujii et al., 2001; Bendsøe and Sigmund, 2003), few studies have been made about the size eﬀect upon
topology design solution so far. Bendsøe and Triantafyllidis (1990) studied the elastic buckling design in terms
of the cell size. Recently, Zhang and Sun (2006) studied the size eﬀect upon the optimal conﬁguration of core
material microstructure in the rigidity optimization of 2D sandwich problems. The super-element technique
was used and numerical results show that the optimum conﬁguration of the cellular core varies in terms of
cell size and is therefore scale related. Such a scale eﬀect cannot however be revealed by the traditional homog-
enization method.
As the cell size is an intrinsic factor of the sandwich structure, what is the underlying relationship between
the mechanical behaviors and the cell size, especially, what about the asymptotic values of structural stiﬀness,
structural responses and their relationship with the homogenization solutions when the cell size tends to be
inﬁnitely small constitute essential problems that have not been clariﬁed profoundly until now. Besides, in
the emerging researches on ultra-light weight structures under complex loading conditions for aerospace appli-
cations, the advanced design of porous core sandwich structures requires greatly the development of reliable
optimization procedures for the integrated design of materials and structures. In such a procedure, the homog-
enization method used to predict eﬀective properties, e.g., the elastic tensor, thermal expansion coeﬃcients,
heat conduction coeﬃcients, etc. is unable to reﬂect the size eﬀect of the basic cell. Only the porosity and
the microstructural conﬁguration are involved in the computation. This implies that the method is valid only
asymptotically when the cell size of the material microstructure is very small in comparison with the macro-
size of the structure. Otherwise, the homogenization can lead to incorrect values. In reality, this limit size is
never reached because the actual size of the basic cell is never inﬁnitely small and the macrostructure size is
nor inﬁnitely large. Meanwhile, the cell size is also an important parameter to be determined before setting
up the manufacturing process. Therefore, it is of great interest to understand deeply the size eﬀect from the
design point of view. This is the motivation of the current work. To this end, the direct FE method, the
homogenization method and classical laminate theory will be employed systematically for the common test
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ference between each of them.
Here, a great number of examples are presented to show the size eﬀects of the basic cell, e.g., the inﬂu-
ences upon the structural static deﬂections and stress distributions. With the classical beam theory, it is
shown that the size eﬀect upon the static performance of sandwich structures can be analytically ﬁgured
out and the computing accuracies of FE analysis and homogenization method can be easily made in evi-
dence. This will oﬀer an important basis for the optimal design and multi-functionality service of sandwich
structures.2. Static analysis of sandwich beam structures
Here, sandwich beam structures may refer to multilayered structures with symmetrical cross-sections, such
as web-core sandwich and cellular core beam structures. Suppose the considered sandwich structure is gener-
ated by a periodic distribution of unit cells, each of which has a speciﬁc microstructure composed of multiple
material phases. Note that the void can be regarded as a material phase. From the design point of view, studies
are focused on the size eﬀect of the unit cell upon static responses under loading conditions. Here, the vari-
ation of the cell size will result in only the variation of cell numbers while the microstructure and the volume
fraction of each phase material involved in the basic cell remain unchanged. Naturally, a decrease of the cell
size corresponds to an increase of the cell number. To ﬁgure out the problem, consider ﬁrstly the bending of a
multilayered beam as an illustrated below.2.1. Analytical method for size eﬀect-related static analysis
Without loss of generality, consider a simple example of a multilayered beam of rectangular cross-section as
shown in Fig. 2. The cross-section consists of periodic unit cells of bi-phase materials and each unit cell con-
tains three layers of materials. Suppose the volume fraction of each material phase, i.e., the proportion ratio, is
ﬁxed. With the increase of the cell number n, a multilayer stack is generated in the transversal direction so that
the thickness of each phase material will reduce correspondingly. Thus, n can be considered as a scale factorFig. 2. Illustration of a multilayered beam.
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to study how the structural responses will change in terms of n with the ﬁxed material volume fraction. Bend-
ing and stretch cases are considered now.2.1.1. Bending
Under the assumption of Euler–Bernoulli beam, the deﬂection of a beam caused by the bending momentM
is dominated by the following diﬀerential equationD
d2wðxÞ
dx2
¼ MðxÞ ð1ÞHence, related stresses and strains are expressed asrðxÞ ¼ EðxÞeðxÞ ¼ EðxÞMðxÞzðxÞ
D
; s ¼ EðxÞQðxÞS
Db
ð2Þ
eðxÞ ¼ MðxÞzðxÞ
D
ð3ÞQ is the shear force. b is the beam width. S is the ﬁrst moment of the area. D stands for the ﬂexural rigidity
depending upon the location variable x, Young’s modulus E of each constitutive phase material and the cross-
sectional shape characterizing how materials are distributed.
Consider n = 1 for the cross-section speciﬁed in Fig. 2(b), the ﬂexural rigidity is thenDð1Þ ¼
X
EiI i ¼ 2
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ð4Þwhere b denotes the beam width. Ei is the Young’s modulus of material phase i.
Generally, the following relation can be deduced for a n-number of unit cellsDðnÞ ¼
X
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ð5Þand the compact form isDðnÞ ¼ 2
3
bE1
1
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3
bE2
2
3
þ 2
27n2
 
h3 ð6ÞFor h = 3, the concise expression readsDðnÞ ¼ 6bE1  4bE1
3n2
þ 4bE2
3n2
þ 12bE2 ð7ÞThis is a reciprocal function of n. When n?1, the ﬂexural rigidity of the beam becomes
DðinfÞ ¼
X
EI ¼ 6bE1 þ 12bE2 ð8ÞCorrespondingly, the beam deﬂection attains its minimum value at x = L.winfmax ¼
FL3
3Dinf
¼ FL
3
18bðE1 þ 2E2Þ ð9ÞScale eﬀects are illustrated in Fig. 3. For small values of n, inﬂuences are important and a sharp variation ex-
ists. When n > 5, the scale eﬀect is negligible. The limit value of ﬂexural rigidity equals 4.62  1011 for n?1.
As to the bending stress, it is obtained from Eq. (2)
Fig. 3. Flexural rigidity and deﬂection versus n (E1 = 70  109, E2 = 3.5  109, F = 1000).
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Ei ¼ F ðL xÞzEi 6bE1  4bE1
3n2
þ 4bE2
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ð10ÞAt x = L/2, the distribution along the thickness direction is shown in Fig. 4. Clearly, the discontinuity is due to
the material discontinuity.
Similarly, the shear stress evaluated from Eq. (2) is shown in Fig. 5 for diﬀerent values of n.2.1.2. Stretch
Under the assumption of uniform stress distribution over the cross-section, the stretch rigidity along lon-
gitudinal direction can be easily obtained asAðnÞ ¼
XZ hk
hk1
Ebdz ¼ 2E1  b
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ð11ÞSo we haveAðnÞ ¼ 2bh
3
ðE1 þ 2E2Þ ð12ÞObviously, the stretch rigidity is independent of the scale factor n.2.2. Homogenization method
For a unit cell of anisotropic materials, the eﬀective stress tensor rij and strain tensor ekl are interrelated
byrij ¼ CHijklekl ð13Þ
where CHijkl is the eﬀective, also termed homogenized, elastic tensor to be evaluated.
The homogenization method is based on a two-scale asymptotic expansion of structural responses with
periodic material unit cells. Only a brief description is given here and detailed demonstrations can refer to Ben-
soussan et al. (1978) and Sanchez-Palencia (1980). To describe the fast variation of material properties in the
macro-scale (X), a micro-scale coordinate system (Y) is introduced to detail the material microstructure. The
length measured in Y can be regarded as an ampliﬁcation of that measured in X so that y ¼ xe with parameter
Fig. 4. Bending stress distribution at x = L/2.
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Brieﬂy, the substitution into the equilibrium equation system allows for obtainingCHijkl ¼
1
j Y j
Z
Y
Cijkl  Cijpq
ovklp
oyq
 !
dY ð15ÞHere, jYj denotes the volume of the unit cell. vkl is a Y-periodic admissible displacement ﬁeld associated with
load case kl. vkl is obtained from the following integral equation over the unit cell with periodic boundary
conditions.Z
Y
Cijpq
ovklp
oyq
oti
oyj
dY ¼
Z
Y
Cijkl
oti
oyj
dY 8 t 2 Y ð16Þ
Fig. 5. Shear stress distribution at x = L/2.
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Numerically, vkl is computed over the unit cell by the FE analysis procedure in which corresponding loads
are obtained as the jump of elastic material properties along the interfaces between distinct constitutive
phases. For example, 3 load cases exist for 2D plane stress problems with kl = 11, 22, 12 and 6 load cases exist
for 3D problems with kl = 11, 22, 33, 12, 13, 23. Hence, Eq. (15) can be numerically evaluated with the fol-
lowing computing schemeCHijkl ¼
1
j Y j
Z
Y
Cijkl  Cijpq
ovklp
oyq
 !
dY ¼ hCijkli  rklij
D E
ð17Þ
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stituents as in the classical mixture rule whereas rklij
D E
denotes the averaged stress tensor over the unit cell
in load case kl. Obviously, rklij
D E
is a correction term that reﬂects the inﬂuence of the material microstructure
of the unit cell.
As the microstructure of the unit cell illustrated in Fig. 2 is a rank-1 material with a periodic alternation
only in the thickness direction, the eﬀective elastic tensor can be obtained analytically by homogenization
method. Based on the work of Hassani and Hinton (1998), terms of the eﬀective elastic tensor for a unit cell
of bi-layer materials shown in Fig. 6(a) with thickness c and 1  c, respectively, are given by.
If both phases are isotropic materials with the same Poisson’s ratio and diﬀerent Young’s moduli EI and
EII, it then follows thatTable
Homo
CH1111 ¼
CH2211 ¼
CH2222 ¼
Table
Homo
CH1111 ¼
CH2211 ¼
CH2222 ¼Ci1111 ¼ Ci2222 ¼
Ei
1 m2 ; C
i
2211 ¼
m
1 m2 Ei; C
i
1212 ¼
Ei
2ð1þ mÞ ði ¼ I; IIÞ ð18ÞThe eﬀective elastic terms given in Table 1 can be simpliﬁed as Table 2.
In fact, the above relations given by Hassani and Hinton (1998) can be extended to the unit cell of three
layers as that shown in Fig. 6(b). The Arithmetic average operator A and the Harmonic average A can be
ﬁrstly deﬁned byAðr1; r2; r3; n1; n2; n3Þ ¼ n1r1 þ n2r2 þ n3r3; Aðr1; r2; r3; n1; n2; n3Þ ¼
r1r2r3
n1r2r3 þ n2r1r3 þ n3r2r1
ð19Þwhere n1,n2,n3 2 [0,1] and r1, r2, r3 are three real numbers.
Then, it can be demonstrated that the homogenized terms of elastic tensor related to Fig. 6(b) can be
expressed as Table 3.
Note that2
genized elastic tensor for rank-1 composite with isotropic phase materials
cEI þ ð1 cÞEII þ m21  m2 EIEIIcEII þ ð1cÞEI, CH2211 ¼ m1  m2 EIEIIcEII þ ð1cÞEI
m
1  m2
EIEII
cEII þ ð1  cÞEI
1
1  m2
EIEII
cEII þ ð1cÞEI, C
H
1212 ¼ 12ð1 þ mÞ EIEIIcEII þ ð1cÞEI
Fig. 6. Rank-1 material.
1
genized elastic tensor for rank-1 material
cCI2222 þ ð1 cÞCII2222  ½cðCI2211Þ2ðCI1111Þ1 þ ð1 cÞðCII2211Þ2ðCII1111Þ1 þ ½cCI2211ðCI1111Þ1 þ ð1 cÞCII2211ðCII1111Þ12  C
I
1111C
II
1111
cCII1111þð1cÞCI1111
½cCI2211ðCI1111Þ1 þ ð1 cÞCII2211ðCII1111Þ1  C
I
1111C
II
1111
cCII1111 þ ð1cÞCI1111
CI2222C
II
2222
cCII2222 þ ð1cÞCI2222
, CH1212 ¼ C
I
1212C
II
1212
cCII1212 þ ð1cÞCI1212
Table 3
Homogenized elastic tensor for three-layer unit cell
CH1111 ¼ AðCI1111;CII1111;CIII1111; c1; c2; c3Þ  AððCI2211Þ2ðCI1111Þ1; ðCII2211Þ2ðCII1111Þ1; ðCIII2211Þ2ðCIII1111Þ1; c1; c2; c3Þ
þ A2ðCI2211ðCI1111Þ1;CII2211ðCII1111Þ1;CIII2211ðCIII1111Þ1; c1; c2; c3ÞAðCI1111;CII1111;CIII1111; c1; c2; c3Þ
CH2211 ¼ AðCI2211ðCI1111Þ1;CII2211ðCII1111Þ1;CIII2211ðCIII1111Þ1; c1; c2; c3Þ  AðCI1111;CII1111;CIII1111; c1; c2; c3Þ
CH2222 ¼ AðCI2222;CII2222;CIII2222; c1; c2; c3Þ, CH1212 ¼ AðCI1212;CII1212;CIII1212; c1; c2; c3Þ
G.M. Dai, W.H. Zhang / International Journal of Solids and Structures 45 (2008) 2512–2533 2521Ci1111 ¼ Ci2222 ¼
Ei
1 m2 ; C
i
2211 ¼
m
1 m2 Ei; C
i
1212 ¼
Ei
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 	1 CH2222CH1212 sym
CH2211C
H
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H
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H
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0 0 CH1111C
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2
64
3
75
ð21ÞThe equivalent Young’s modulus along the longitudinal direction is thenEHx ¼
1
SH1111
¼ CH1111 
CH1122C
H
2211
CH2222
ð22ÞThe corresponding beam deﬂection can be obtained aswinfmax ¼
FL3
3EHx I
¼ FL
3
3ðc1EI þ c2EII þ c3EIIIÞ  bð2hÞ
3
12
¼ FL
3
2ðc1EI þ c2EII þ c3EIIIÞ  bh3
ð23ÞIn the current bending case, as the unit cell of the beam consists of three layers with thickness proportion of
1:1:1, i.e., c1 = c2 = c3 = 1/3 and EI = EIII = E2, EII = E1, Eq. (23) becomeswinfmax ¼
FL3
18bðE1 þ 2E2Þ ð24ÞIt is the same as the solution given in Eq. (9) for n?1. This indicates that the homogenized solution is a limit
value. The absolute error of the homogenized deﬂection solution relative to Eq. (9) is on the order of O 1n2
 	
and
reduces quadratically in terms of n.
2.3. Direct FE method
This is a direct numerical approach based on the ﬁnite element modeling of the entire structure. The dis-
cretization of each unit cell is reﬁned with the increase of the cell size in order to keep the computing precision.
Due to the periodicity, each cell can be regarded as a representative substructure for which the super-element
condensation technique can be applied to reduce the computing time.
For the problem given in Fig. 2, each unit cell is discretized in the plane by four-node plane stress elements
of the ANSYS software. The analytical deﬂections obtained from Eq. (6) are compared with the numerical
ones and a good agreement between them is shown in Fig. 7 for diﬀerent scale factors. Likewise, at
x = L/2, variations of bending and shear stresses relative to n given in Figs. 8 and 9 show also a good
agreement with analytical results given in Figs. 4 and 5, respectively. The relative error is less than 2%.
The inﬂuence of scale factor n upon the maximum shear stress at x = L/2 is shown in Fig. 10. It is found that
the maximum shear stress decreases as the scale factor n increases.
It is necessary to note that the relationship between the scale factor n and structural responses will change
depending upon the material layout, i.e., material microstructure in the unit cell. For example, if all layers are
aligned vertically along the thickness direction, the ﬂexural rigidity will be kept unchanged even when n varies.
Fig. 7. Deﬂection variations versus the scale factor n at x = L.
Fig. 8. FEM results of bending stress at x = L/2.
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Fig. 9. FEM results of shear stress at x = L/2.
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3.1. Multilayered circular tube in torsion
The similar study can be extended to torsion problems. For a circular tube of bi-phase materials illustrated
in Fig. 11.
When n = 1, the torsion rigidity of the circular tube can be written as
Fig. 10. Variations of maximum shear stress versus n at x = L/2.
Fig. 11. Variations of cross-sectional conﬁgurations versus n.
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2
ðR41  R42Þ þ G1
p
2
ðR42  R43Þ ð25ÞGenerally, the torsion rigidity can be written asJ ðnÞ ¼
X
GiIpi ¼ G2 p
2
Xn
m¼1
mR1 þ ðn mÞR3
n
 4
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n
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ðm 1ÞR1 þ R2 þ ðn mÞR3
n
 4
 ðm 1ÞR1 þ ðn mþ 1ÞR3
n
 4( )
ð26Þwhere G1 and G2 represent the shear moduli of each material phase, respectively. Suppose three radiuses are
R1 = 5, R2 = 4, R3 = 3, the above relation readsJ ðnÞ ¼
X
GiIpi ¼ G2 p
2
Xn
m¼1
5mþ 3ðn mÞ
n
 4
 5ðm 1Þ þ 4þ 3ðn mÞ
n
 4" #
þ G1 p
2
Xn
m¼1
5ðm 1Þ þ 4þ 3ðn mÞ
n
 4
 5ðm 1Þ þ 3ðn mþ 1Þ
n
 4" #
¼ p
2
272G2 þ 98n G2 
1
n3
G2  98n G1 þ
G1
n3
þ 272G1
 
ð27ÞThe variation is described in Fig. 12 to show the scale eﬀect. Note that due to the axisymmetry, the bending
rigidity is just equal to a half of the torsional rigidity. When n?1, the above relation becomesJ ðinfÞ ¼ 136pðG1 þ G2Þ ð28Þ3.2. The LCA sandwich beam
The linear cellular alloys (LCA) belong to a sort of metal honeycombs that are manufactured by extrusion.
Ordered holes of complex morphologies can be realized along the longitudinal direction to achieve desired
Fig. 12. Variations of the torsional rigidity versus n.
G.M. Dai, W.H. Zhang / International Journal of Solids and Structures 45 (2008) 2512–2533 2525functionality. For this reason, it is interesting to study the hole size eﬀect of the cellular beam upon its bending
behaviors at the design stage. Here, square and circular holes are typically considered below. The proposed
method can be used as a general one.3.2.1. Rectangular cross-section with square holes
As shown in Fig. 13, the beam has an upper and bottom face sheets. The unit cell of the beam has two
square holes in it when n = 1. In order to evaluate the eﬀective ﬂexural rigidity, the Boolean operation is used
to subtract the contribution of holes. With this idea in mind, the general expression of the ﬂexural rigidity for a
cross-section with n unit cells can be expressed asDðnÞ ¼
X
EiI i ¼ 2E1 1
3
b½ðhf þ hcÞ3  h3c 
þ 2E2 1
3
bh3c 
1
3
a
n
Xn
m¼1
n
ð2m 1Þhc
2n
þ a
2n
 3
 ð2m 1Þhc
2n
 a
2n
 3" #( )
ð29ÞSuppose hc = 2, hf = 0.5, a = 1, b = 2, we have thenDðnÞ ¼ 2 5:0833E1 þ E2 5:3333 4n
3  4nþ 13
3n3
  
ð30ÞIn the case of n?1, the limit value is
DðinfÞ ¼ 2ð5:0833E1 þ 4E2Þ ð31ÞFig. 13. LCA beam with ordered square holes.
Fig. 14. Deﬂection and ﬂexural rigidity variations versus the scale factor n at x = L.
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cates a good agreement.
3.2.2. Rectangular section with circular holes
The conﬁguration of the cross-section is shown in Fig. 15. The cross-section contains two identical holes for
n = 1.
The ﬂexural rigidity can be deduced in the same way.DðnÞ ¼
X
EiI i ¼ 2E1 1
3
bððhf þ hcÞ3  h3cÞ
 
þ 2E2 1
3
bh3c  n
Xn
m¼1
p
2
r
n

 4
þ 2m 1
2n
hc
 2
p
r
n

 2" #( )
ð32ÞFor hc = 2, hf = 0.5, r = 1 while other parameters are kept to be the same as before, the simpliﬁcation leads to
the compact formDðnÞ ¼ 2 5:0833E1 þ E2 16
3
 p
32n2
þ 4n
3  n
12n3
p
   
ð33ÞWhen n?1, it becomesDðinfÞ ¼ 2 5:0833E1 þ E2 16
3
 p
3
  
ð34ÞThe variations of ﬂexural rigidity and the corresponding deﬂection compared with FE solution are shown in
Fig. 16.
3.2.3. Circular tube with triangular cell core (Wang and McDowell, 2003)
As illustrated in Fig. 17, such a beam bar was studied by Wang and McDowell (2003) and is reconsidered
here.Fig. 15. LCA beam with ordered circular holes.
Fig. 16. Deﬂection and ﬂexural rigidity variations versus n at x = L.
Fig. 17. Circular tube and its supercell with circle and triangle subcells.
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and bending rigidity can be obtained as a summation of contributions from the core (c), inside sheet (i) and
outside sheet (o).J ¼ Jc þ J i þ Jo; D ¼ Dc þ Di þ Do ð35ÞThe angle of the unit cell deﬁned from the center of the circle is designated as /, whose relation with the whole
number of unit cell, n, can be expressed asn/ ¼ 2p ðnP 3Þ ð36ÞIn the paper of Wang and McDowell (2003), detailed studies are performed upon the rigidity design in terms
of wall orientation. Here we are focused on the inﬂuence of n upon the rigidities while the cell wall thickness
remains ﬁxed. The general expressions of the torsional and bending rigidities are as follows and illustrated in
Fig. 18.J ðnÞ ¼ G 2pðr3ti þ R3toÞ þ
2ntc Rr sin pn
 	2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 þ r2  2Rr cos pn
q
2
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6
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tzr3 sin
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ðIpo þ IpiÞ ð38Þwith
Fig. 18. Bending and torsional rigidity versus n.
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q
ð40Þ3.3. Sandwich beam with periodically variable cross-section
Here, we will study another sort of sandwich beams that have periodically variable cross-sections along the
longitudinal direction.3.3.1. Sandwich beam with square holes
A sandwich beam with square holes is shown in Fig. 19. Suppose the upper and lower face sheets have a
common thickness of hf. Note a is deﬁned as the hole size related to n = 1. Under the assumption of ﬁxed vol-
ume fraction of the solid material phase, the conﬁguration variation of the beam in terms of the size factor n is
illustrated. To reveal the relationship between the equivalent beam bending stiﬀness, D(n), and n, the energy-
equivalence method is employed here. Namely, the strain energy of the beam, U ðnÞb , associated with equivalent
stiﬀness, D(n), is equal to the summed contribution of all struts in the original beam. Hence, due to the cell
periodicity along the beam length, the strain energy can be calculated over one periodic length l. Under the
pure bending load, the strain energy can be written asU ðnÞb ¼
1
2
M2l
DðnÞ
¼ M
2
2
Z l
0
1
DðxÞ dx ð41Þin which the integral can be evaluated as a summation over the periodical length so that
Fig. 19. Sandwich beam with periodically variable cross-section.
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X
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ð42Þ
DðnÞ ¼ 2
3
E1b½ðhc þ hf Þ3  h3c  þ E2I1I2hca
hc
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3
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3
E1b½ðhc þ hf Þ3  h3c  þ
2
3
E2bh
4
cðbhc  aÞ
bh3c  ahc þ a2
ð44ÞFor example, consider the following case: core material properties of E2 = 3.5E9, t2 = 0.34, face sheet material
properties of E1 = 70E9, t1 = 0.34 and beam dimensions of L = 60, hf = 0.1, hc = 1.5, a = 1, the volume frac-
tion is a ¼ 1 ða2=h2cÞ ¼ 0:56. Correspondingly, ﬂexural rigidity and deﬂection are evaluated and shown in
Fig. 20.
To validate the computing, analytical solutions are compared with FE results. Assume the beam is discret-
ized by a reﬁned mesh of 100  10 four-node plane stress elements. By increasing the value of n successively,
tip deﬂections obtained are compared in Fig. 21. Note that when n?1, the FE solution is achieved based on
the homogenized bending rigidities.
It is shown that both numerical and analytical deﬂection results are consistent. They become bigger and
tend to the limit value evaluated by the homogenization method as n increases.Fig. 20. Flexural rigidity and tip deﬂection of the square-hole sandwich beam versus n.
Fig. 21. Deﬂection variations versus the scale factor n at x = L.
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values of volume fraction, a, and the eﬀect of the latter upon the tip deﬂection. To do this, we change progres-
sively the hole size, a, while hc remains constant. Numerical and theoretical results of tip deﬂection are com-
pared in Fig. 22 when the volume fraction a varies from 0.1 to 0.9. It is observed that generally, the energy-
equivalence method has a good agreement with the FE method. a = 0.3 is roughly a critical value below which
the deviation of tip deﬂection results obtained by both methods is relatively important but the maximum rel-
ative error is under 6%.
3.3.2. Sandwich beam with other holes
According to the energy-based method given in Eq. (42), the eﬀective ﬂexural rigidities can be thus derived
in the same way for sandwich beams of other cell types in terms of the scale factor n. Here, typical conﬁgu-
rations of circle, cross and hexagon cells are taken into account. Detailed developments are omitted and
expressions of closed form are given in Table 4. It should be noticed that the contribution of face sheets is
not included in each expression and that dimensions associated with the cell conﬁgurations in the left column
of Table 4 correspond to the sizes of n = 1. Besides, to have an idea about the structural eﬃciency of diﬀerent
cell conﬁgurations, the same volume fraction a = 0.56, i.e., the same structural weight is used in the following
computing to make easy the comparison.
– For the sandwich beam with circle holes, if initial data are L = 60, hf = 0.1, hc = 1.5, r = 0.5614, both the-
oretical and FEM results of tip deﬂection are illustrated in Fig. 23.
– For the sandwich beam with cross-holes, assume the initial data are L = 60, hf = 0.1, hc = 1.5, r = 0.7071.
Both theoretical and FEM results are illustrated in Fig. 24.
– For the sandwich beam with cross-holes, assume the initial data are L = 1, hf = 0.1, hc = 2, a = 0.7887,
e = 0.6431, both theoretical and FEM results are illustrated in Fig. 25.Fig. 22. The comparison of numerical and theoretical results for diﬀerent values of volume fraction.
Table 4
Equivalent bending stiﬀness and their limit values (n?1) for diﬀerent cell forms
Cell type Equivalent bending stiﬀness (EBS) Limit of
EBS (n?1)
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Fig. 23. Deﬂection variations versus the scale factor n for sandwich beam with circle holes.
G.M. Dai, W.H. Zhang / International Journal of Solids and Structures 45 (2008) 2512–2533 2531Finally, tip deﬂections of a sandwich beam using four diﬀerent types of cell conﬁgurations with the same
face sheet are compared in Fig. 26. If the structural eﬃciency is concerned with the maximum rigidity, the
square-hole beam is shown to have the smallest deﬂection for the same volume fractions of core material.
Fig. 24. Deﬂection variations versus the scale factor n for sandwich beam with cross-hole.
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Fig. 25. Deﬂection variations versus the scale factor n at x = L for cross-hole sandwich beam.
Fig. 26. Deﬂections of sandwich beams with diﬀerent cell forms versus n (a = 0.56).
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In this paper, scale eﬀect of the basic cell is highlighted in the static analysis of sandwich beams. Abundant
examples are taken into account. Typical cell conﬁgurations are studied by classic beam theory, homogeniza-
tion method and FE method in a systematic way. Relations of closed form are established between the static
responses and scale factor n based on the classic beam theory. Flexural, torsion and stretch rigidities are dis-
tinguished to show their dependences upon the scale factor. The validity of the homogenization method is clar-
iﬁed in comparison to the analytical method although the former is commonly used in the numerical
prediction and design of composite materials. It is demonstrated that the homogenized solution is the limit
value whenever the scale factor tends to be inﬁnitely large. However, the homogenization is found to be of
high precision when the scale factor n takes the value large enough. This is because the inﬂuence of scale factor
is on the order of O(1/n2). Finally, it is necessary to notice that although the developed work is limited to the
static analysis, the proposed procedures can be generalized to deal with thermal mechanical, dynamic, buck-
G.M. Dai, W.H. Zhang / International Journal of Solids and Structures 45 (2008) 2512–2533 2533ling and other kinds of problems. The scale factor is an important parameter to evaluate the structural eﬃ-
ciency when the cell size is designed.
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